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Abstract 

We study scale invariant but not necessarily conformal invariant deformations 
of non-relativistic conformal field theories from the dual gravity viewpoint. We 
present the corresponding metric that solves the Einstein equation coupled with a 
massive vector field. We find that, within the class of metric we study, when we 
assume the Galilean invariance, the scale invariant deformation always preserves the 
non-relativistic conformal invariance. We discuss applications to scaling regime of 
Reggeon field theory and non-linear quantum finance. These theories possess scale 
invariance but may or may not break the conformal invariance, depending on the 
underlying symmetry assumptions. 



1 Introduction 



The invasion of gauge/gravity correspondence into other areas of theoretical physics 
is quite rapid these days. We have prohferating numbers of gauge/gravity correspon- 
dence beyond the classical AdS/CFT correspondence, first in AdS/QCD (like quark-gluon 
plasma applications) and then in AdS/CMP (like cold atom systems and high Tc super- 
conductors). In these examples, the gravity dual approach has given birth to completely 
novel models of the conventional physics. In particular, relatively new advancement in the 
gauge/gravity correspondence is to jump off from the island of the relativistic dispersion 
relation and dive into the vast ocean of non-relativistic systems [1][2]- In this paper, we 
attempt to expand the realm of the gauge/gravity correspondence further by studying 
yet another application to non-relativistic systems — Reggeon field theory and quantum 
finance. 

In the free field theory limit, the both systems are reduced to the free Schrodinger 
equation, so they have the right symmetry that could fit in the non-relativistic conformal 
invariant theories to begin with, albeit they are free. Once the interaction has been 
introduced, they are driven into the strongly coupled regime in the long distance (and over 
the long time). Nobody has achieved non-perturbative understanding of their strongly 
coupled regime, and our hope is that the gravitational dual approach may shed a new 
light on the dynamics. 

Technically speaking, we have a completely orthogonal motivation for this study. In 
the relativistic conformal field theories, there is a long standing question whether the scale 
invariance suggests conformal invariance or not. Group theoretically, there is no reason 
why the scale invariance indicates the conformal invariance because the former is merely 
a subgroup of the latter. Surprisingly, however, in the relativistic conformal field theories 
living in higher than two space-time dimension, there are no known examples of unitary 
scale invariant field theories but not conformal invariant. In two space-time dimension, 
under certain mild assumptions such as unitarity and discreteness of spectrum, it has 
been proved that the scale invariance indeed implies the conformal invariance [3]. When 
we remove a certain assumption such as unitarity, there are known examples of scale 
invariant but non-conformal field theories. See [1] for a recent construction of a non- 
trivially interacting example, which may be important in time-dependent string theories. 

It is of interest to ask the same question in the non-relativistic case. It is easy to 
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construct scale invariant but non-conformal field theories, as we will encounter in this 
paper, once the Galilean invariance is broken. A part of the argument simply comes from 
the group structure because the non-relativistic conformal invariance demands i[K,Pi] = 
Gi, where K is the non-relativistic conformal transformation, so once the Galilean boost 
Gi is broken, one cannot preserve K as long as momentum Pj is conserved (see appendix 
A and B for more discussions). The remaining task is to find a scale invariant but 
Galilean non-invariant theory. An example is the Lifshitz-like field theory whose gravity 
counterpart has been studied in [5] . We will see more examples from the gravity viewpoint 
in the main part of the paper. 

The central question is, therefore, whether Galilean and scale invariant field theories 
are automatically non-relativistic conformal invariant or not. We cannot give a full ac- 
count of this statement nor will we give any counterexamples in this paper. We will 
see, however, within the dual gravity background, the deformations of the non-relativistic 
conformal field theory that preserve the Galilean invariance as well as scale invariance do 
not break the conformal invariance, either. 

For applications to Reggeon field theory and non-linear quantum finance in the strongly 
coupled scaling regime, we notice that they possess the scale invariance but may or may 
not break the conformal invariance, depending on the underlying symmetry assumptions. 
Accordingly, we choose the gravity background in order to reproduce qualitative features 
(e.g. symmetries) of the theories we would like to study. In addition, we see that the 
Reggeon field theory with a simple cubic interaction shows a non-trivial renormalization 
group flow of the dynamical critical exponent. The tree level dynamical critical exponent 
Z = 2 will be modified through the interaction and the subsequent renormalization. The 
renormalization of the dynamical critical exponent (also known as the Hurst exponent) 
might be of relevance in quantum finance, too. 

The organization of the paper is as follows. In section 2, we study various scale invari- 
ant but non-conformal deformations of the gravity solutions studied in literatures. We 
show that once Galilean invariance is imposed, the conformal invariance cannot be broken 
within the class of models we consider. We also compute the correlation functions in the 
deformed background. In section 3, we discuss the applications to Reggeon field theory 
and non-linear quantum finance. We have included a short review of the supersymmet- 
ric quantum mechanical formulation of the Black-Scholes-Merton model in section 3.2 to 
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motivate the non-linear extension in section 3.3. We give further discussions and specu- 
lations in section 4. In appendix A, we study the criterion when the scale invariance and 
Galilean invariance indicates the conformal invariance from the field theory viewpoint. 
Appendix B summarizes the non-relativistic conformal algebra. In appendix C, we collect 
some formulae for confluent Hypergeometric function used in the main text. 

2 Gravity Solutions 

In this section, we investigate scale invariant deformations of the gravity background 
proposed in [1][2][5]. A particular class of the metric satisfies the Einstein equation with 
massive vector field as a source of energy-momentum tensor. We study the correlation 
functions of the dual field theories by using the AdS/CFT technique. 

2.1 Scale invariant deformation of the non-relativistic conformal 
background 

Our starting point is the phenomenological gravity background for non-relativistic con- 
formal field theories presented in [1] [2] : 



where i = 1, ■ ■ ■ ,d. In later applications, we set d = 2 for (physical) Reggeon field theory 
and d = 1 for (one-factor) quantum finance. Originally, it was proposed to describe the 
cold atoms at criticality, or unitary fermion system for = 3 [1] . 
The metric (12. ip has the following isometries 

• Translations in Xi and t. 

• Rotations of Xj. 

• Galilean boost: 



d+2 — 




+ 



2dtdC + dxj + dz^ 





• particle number (translation in Q. 
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• Scale transformation with dynamical critical exponent Z = 1: 

• Non-relativistic special conformal transformation: 
(f t T 7^ —>■ I * t — R^Ei^Ei+^l 2 ) 

We will compactify C as C ^ C + 27iR. 

We would like to study scale invariant but not necessarily conformal invariant defor- 
mations of the metric (12. ip . By assuming the scale invariance and translation invariance, 
possible metric deformations are restricted in the following three classes: 

• Class 1: The deformations that break the spatial rotation: Ms^ = {^^, 

It also breaks the spatial parity invariance Xi — > — Xj. This kind of spatial anisotropy 
might be relevant in cosmology or condensed matter physics. Our applications in 
section 3, however, will preserve this symmetry, so we will not discuss the conse- 
quence of these deformations further in this paperjl] 

• Class 2: The deformations that break the Galilean boost: Sds"^ = {d('^}. The 
deformation also breaks the non-relativistic conformal invariance. The resulting 
continuous symmetry is same as that of the Lifshitz-like field theory (except for the 
presence of additional U{1) particle number conservation). 

• Class 3: The deformations that preserve the Galilean boost: Sds"^ = {^^,^}. 
Actually, the deformation preserve the full non-relativistic conformal invariance as 
we will see shortly. 

We first begin with how Class 3 deformations preserve the full non-relativistic confor- 
mal invariance. The key point is that the deformed metric is locally diffeomorphic to the 
original non-relativistic conformal invariant metric (12.11) . To see this, we introduce the 
coordinate transformation 

t^t + -z\ C-.C + (3\ogz (2.2) 



^Notice that the deformation "''^^^^''^^ actually does not break the spatial rotation, so strictly speaking 
it is in class 3. By defining a new coordinate x[ = Xi — aiZ, we can see the spatial rotation is realized in 
a disguised way. 
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to the metric (12. ip . The resuhing metric in the new coordinate is 

. df ^,dtdz -2dtdC + dx^ ^ il - 2a^ - 2a(3)dz^ dzdC 
= -2^ - (4a + 2/5)^ + ^ ^ - 2a^ . 

(2.3) 

We see that up to an overall scaling, the deformation by and can be undone 
by the simple coordinate change. The global structure is slightly changed by the rescal- 
ing of variables. Conversely, under certain reasonable assumptions, the non-relativistic 
conformal background embedded in 2-dimension higher is locally unique as was shown in 

To see this we simply set a = and rewrite the metric as 



2 _ ^{-'^ + a^)dt'^ 2adtdz -2dtdC + dxj + dz^ 
dSd+2 - 2 -I \ , (2.4) 



where we have rescaled (t, Q (vT~^-~a^t, :^7j=f ) so that C ~ C + 27r-\/l — a'^R. In this 
coordinate, the non-relativistic conformal transformation are realized in a slightly different 
manner than in the metric (12.11) : 

{t, C, x„ z)^( ^— , C-a log(l + vt) - H^l^ll^^ . (2.5) 

' ^ \l+r]t'^ 2 l + r]t ' l+r]t l+r]tj ^ ' 

In the limit a we recover the original metric (12. ip . On the other hand, in the 
opposite limit a ^ 1, our metric is locally diffeomorphic to 74^5*^+2 space (by the simple 
coordinate transformation C ^ C + ^^gz). The latter space was studied in One can 
regard the metric (12.41) as a one-parameter interpolation between the metric studied in 
[1] [2] and that in [7] , where the both claim that the each model is dual to a non-relativistic 
conformal field theory. They are rather continuously connected. 

We see that some components of the curvature tensor are singular near 2 —s> as in 
a = background just because they are locally diffeomorphic. A test particle will feel 
the infinite tidal force near the conformal boundary. One particular component of the 
Riemann tensor, for instance, scales as Rc_tzt oc a(l — a^)/z^, and it appears more singular 
than in the case a = 0. Note that all these are just a consequence of the scale invariance 
except for a proportionality constant, so they are not unexpected. Again one can remove 
this apparently more singular behavior by the coordinate transformation. 

We now move on to the equation of motion that has a solution (12.41) . We first note 
that the Einstein tensor for the metric (12. 4p is given by the sum of "vacuum energy" oc g^j^y 



and the "dust" that has only component in Tt 



tt- 



T^u = -h,u - E6Xgoo (2.6) 

To reahze this form of the energy-momentum tensor, let us consider the following Einstein 
action coupled with a massive vecto.«e.d(P..oca action)! 

where F^^^ = d^^A^ — d^A^^. One can show that A = A^dx^ = — ^ dt solves the Proca 
equation as well as the Einstein equation, provided 

A = l)(d + 2) , m^ = 2(d + 2). (2.8) 

In particular, for a = 1, the metric ( 12.4^ is the solution of the vacuum Einstein equation 
with cosmological constant. In this case, it is not necessary to introduce the massive 
vector field. 

Finally, we would like to briefly mention Class 2 deformation given by d^"^. For sim- 
plicity, we turn off Class 3 deformations because they are locally cancelled by a coordinate 
t r ansf ormation . 



,9 dt^ -2dtdC + dxf + dz'^ , , 

= -2— + + cdC . (2.9) 



Class 2 deformation breaks Galilean invariance as well as non-relativistic conformal invari- 
ance, and the Einstein tensor becomes truly anisotropic. One can no longer decompose 
the Einstein tensor into the vacuum energy and the dust contribution unlike in Class 3 
deformation. Explicitly, the Einstein tensor takes the following form: 



6-d{d+l){l + 2c) _ 12c+ (rf+ l)(t/ + 2)(l + 2c) 

(1 + 2c)z^ ' *^ ~ 2(1 + 2c)22 



-4 + Ac+{d + 2){d + 3){l + 2c) _ Ac+{d+l){d + 2){l + 2c) 

^'^"'^ (l + 2c) ' 2(l + 2c)^2 

^ _ -4c+(rf+l)(rf + 2)(l + 2c) 



' zz 



2(1 + 2c)z2 



:2.10) 



^It is also possible to replace the massive vector field with a particular scalar electro-dynamics in the 
broken phase as in [2] . 
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where all the other components are zero. 

What kind of matter configuration can realize such energy- momentum tensor? We 
first note that there exists an energy fiow in ( direction and the pressure is anisotropic. 
It can be shown that the massive vector field minimally coupled to gravity as in (12.71) 
cannot support the energy-momentum tensor fl2.10p on shell. It is, nevertheless, possible 
to introduce further matters/interactions in the action to support the energy-momentum 
tensor. Since it is not particularly illuminating to do this without specifying the under- 
lying gravitational theory such as the string theory, we briefiy mention one bottom-up 
construction. 

Possible independent tensor structures of the energy- momentum tensor constructed 
from A = at^ + ac_dC are given by g^y, A^Ay, and F\^^o,F°''^ FppF''^^ up to the fourth 

order without higher derivatives. Other combinations are not independent or simply 
vanish upon symmetrization. One can now construct the desired energy momentum tensor 
by an appropriate linear combination: 



We can show that (12.111) is able to support the energy momentum tensor (12.101) by tuning 
at and (and the coupling constants Qi). Note that we have five independent components 
of the Einstein equation, so the number of unknowns is sufficient. The equations of motion 
for A should be fine-tuned as well so that the given at and are solutions, which is always 
possible in principle. 

2.2 Scale invariant deformation from Lifshitz-type background 

So far, in our discussion, we have assumed that the scale invariant deformation preserves 
the U{1) particle number. Once we relax the condition, there is no reason to retain 
direction any more. Indeed, the non-relativistic gravity background that does not have 
additional U{1) isometry has been discussed in [5]. The metric takes the following form 



The energy momentum tensor is supported by the massive vector field as in (12. 7p without 
C direction, where = rf^, A = _i±i^tlli and A = 
The metric (12.121) is invariant under 



T^u = Ag^u + giApA, + g2F[^^Fl^ + g^F^^^F^^'F^sFi] . 




d+i - -—^ + 



dxj + dz^ 

i2 
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• Translations in (t, Xj). 

• Rotations of Xj. 

• Scale invariance: [t, Xi,z) — > (A^t, Axj, Xz) so the dynamical critical exponent Z = 2. 

The metric is not invariant under the Galilean boost. 
Possible scale invariant deformations are restricted: 

• Class 1': The deformations that preserve the same symmetry as f l2.12p given by 
6ds^ = {^,^^^}. They are rather trivial because it can be undone by the 
coordinate transformation {t, Xi) — > (t + az^, Xi + (3iz). 

• Class 2': The deformations that break the rotational invariance as well as time 
reversal or spatial parity: Sds^ = | } . This is the genuine deformation of the 
theory. Our later applications, however, do not assume such a further symmetry 
breaking of rotational invariance or parity, so we will not pursue this direction in 
this paper. 

Conversely, as studied in [6] , the d + 1 dimensional metric that has the same symmetry 
as the d dimensional Lifshitz field theory is locally unique. 

2.3 Holographic correlation functions 

Having obtained the gravity background with the right symmetry, we can compute the 
correlation functions of the corresponding boundary theories by using the same holo- 
graphic technique employed in AdS/CFT correspondence. For this purpose, firstly, we 
consider the scalar field propagating in the background (12. 4p with the minimal action: 



As discussed before, C, direction is compactified, and we focus on the mode with KK 
momentum id(^(f)M = ^(pM- With this assumption the field (p is dual to the boundary 
operator O which has a definite particle number M. 

After Fourier transforming in space-time directions, the equation of motion takes the 
form 




(2.13) 



9f0 --{d+1- 2iMa)d,^ + 2Mw - P 




{d + 2)iMa 



) 



= 0, (2.14) 
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where = ttiq + (2 — a^)M^. A solution relevant to us is 

(f) = z''/^+^-'''''K,{pz) , (2.15) 



where p = yW^—2Mw and v = \ to^ — M'^a^ 



(rf+2)2 
4 



The two-point function of primary operators in the field theory is fixed by the non- 



relativistic invariance [8 



up to an overall constant and it is given by 

{0{k, w)0\-k, -w)) ~ {k^ - 2MwY , (2.16) 

which we can explicitly confirm by the holographic computation]^ 
In the coordinate space, it is 

(O(x,t)Ot(0,0)) ~^(t)p^e-'^ , (2.17) 

where we have introduced UV cut-off e and used the same regularization employed in [2] . 
The scaling dimension A is related to as A = ^^±iy, where — signature is only possible 
for < < 1 (see P). 

Note the specific causal structure of the propagator in the non-relativistic conformal 
field theory, which is manifested in the step function 6{t) in (12.171) . This causal structure 
will be relevant in the application to quantum finance in section 3. As we will see, once 
Galilean invariance is broken, this specific causal structure could be lost. 

Let us now consider the Galilean violating Class 2 deformation (12. 9p . Again for sim- 
plicity we turn off Class 3 deformation. The equation of motion for the scalar field as in 
(I2.13P becomes 

- i(</ + + (^^=.= -e^^^-^),^o, (2^18) 



where = ttiq + The solution of the scalar equation of motion relevant to our 

study is given by 



•^More precisely, the Galilean invariance is sufficient to fix the form of the two-point function. 

^This is not a trivial result even if our metric is locally diffeomorphic to the one studied in [T][2]. Recall 

that the coordinate transformation in the bulk may induce a similar transformation in the boundary 

theory. For instance, in the usual relativistic AdS/CFT, the correlation functions in the global AdS 

space are different from those in the Poincare patch, related by the global conformal transformation. The 

computation here shows that our coordinate change does not induce such a global transformation in the 

boundary theory. 
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^ / (l + 2c)A:^ + 2(-M + Vc(2c+l)(l + ^))^ ^ ^ ^cwz^ \ 
where ?7(a, 6; x) is the confluent Hypergeometric function (we refer appendix C for details), 



and we have introduced v = \J m? + l^^^^L as before (with a = 0). Note that in this 
expression, c — > is singular and it requires a careful treatment. 

The bulk boundary propagator G{z, w, k) satisfles the same equation of motion (12.181) 
with the boundary condition G{e,w,k) = 1. Subsequently, the boundary two-point func- 
tion is computed as 

{0{k,w)0\-k,-w)) 

= G(e, k, w)y/gg''d,G{e, k, w) 



= Cw'^ y ^ + ultra local terms , (2.20) 

Y(jj)Y ( (l+2c)fc2+2(-AJ+Vc(2c+l)(l-i^))«> \ 
^ ^ \ 4:i^yc{2c+l)w J 

where we have omitted the ultra local contribution (= contact terms) in the boundary 
propagator. C is a normalization constant independent of w and k. 

It is interesting to note that the boundary two-point function is same as that for 
the Lifshitz-type background if one sets M = up to a straightforward rescaling of 
The latter has been computed as [5] 

Aiw 



parameters!^ 



r(-z.)r _ 

{0{k, w)0\-k, -w)) = Cw" ^ : ^ + ultra local terms . (2.21) 



iiw 



A priori, this is not expected because the breaking of the Galilean invariance could intro- 
duce any function of f{k'^/w) in the boundary two-point function. The role of non-zero 
M simply shifts the momentum k"^ k"^ — "^^^^ 



l+2c' 



2.4 Deviation from Z = 2 and Galilean invariance 

We can generalized our construction by relaxing the dynamical critical exponent Z = 2. 
Although the non-relativistic conformal symmetry is broken, we are still able to preserve 



■'It is important to note that the hmits M and c ^ do not commute: if one first took c ^ 0, 
the dynamics m. M — Q sector would be completely frozen as shown in [9]. 
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the Galilean invariance. The geometry corresponding to Galilean invariant field theory 
with 2 7^ 2 is given by 

dsd+2 = + ^ ^ • 2.22 

Without breaking the Galilean invariance, one can introduce an analogue of Class 3 
deformation by dds"^ = {^^, ■ Note that ( now possesses a non-trivial scaling 

The two-point function of primary operators in this background is fixed by the Galilean 
invariance. In the momentum space, it is given by 

{0{w, k)0\-w, -k)) oc {k^ - 2Mwy . (2.23) 

At first sight, this seems to be inconsistent with the dynamical critical exponent Z ^ 2. 
However, one should be reminded that the particle number M also scales under the scaling 
symmetry when Z ^ 2: i\D^M\ = (2 — Z)M so that ( 12.23^ transforms with weight 2v 
under the dilatation. Note that because of this non-trivial scaling, C, direction cannot 
be compactified. It may be rather interpreted as + 1 dimensional field theory with 
additional coordinate C- 

With this difficulty, we have to abandon the Galilean invariance to compactify C di- 
rection. The general metric ansatz would be 

,2 ^dt^ -2dCdt dx^ + dz^ /^^.n 
ds^ = -2— + ^ + + cdC^ , 2.24 

where C is invariant under the dilation so that we can compactify C ~ C + 2-R. 

In order to study the correlation functions, we introduce a minimally coupled scalar 
field as in ( 12.13^ . The equation of motion is given by 

\,, f cz^^^^ 2 ,2 2Mw ^ 2 rn^\ 

+ i)a.4> + (— ™^ - + — - ^ j ^ = . (2-25) 

where = ttiq -|- 2^^. As in ^ = 2, by setting M = 0, we obtain the same scalar 
equation of motion as in the Lifshitz type background studied in [5] (up to rescaling of 
variables) . 

In order to compute the boundary two-point functions, we have to solve the equation 
( I2.25P to obtain the bulk-boundary propagator. Unfortunately, we have been unable to 
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find simple analytical solutions except ioi Z = A and c = 0. In this special case, we find 
that the field profile is 



2 



V2k 



+ -{l + u),l + iy;iV2Mwz^] , (2.26) 



where ly = dm? + i*tHL, Accordingly, the two-point function is computed as 



{0{k, w)0\-k, -w)) = Cw" / ^ + ultra local terms . (2.27) 

r(z/)r(^^ + ^ 

A similar observation has been made in [TO]. 



3 Applications 

Given the gravity solution, we discuss possible applications to the strongly coupled dual 
system in this section. We pick up two particular subjects, i.e. the scaling regime of 
the Reggeon field theory and the non-linear quantum finance. While our gravity solution 
might have more conventional applications such as in condensed matter physics, we choose 
rather "non-standard" applications so as to expand the realm of the "gauge/gravity" 
correspondence as discussed in Introduction. We hope our discussions will stimulate the 
further study on these yet unexplored subjects. 



3.1 Reggeon field theory 

Non-relativistic conformal invariance was first discovered as a symmetry of the free Schodinger 
equation [II][I2]. The symmetry itself, however, could appear as an effective action 
of some quasi-particles much like the relativistic dispersion relation and the emergent 
"Poincare invariance" that can be realized in condensed matter systems. 

One of such realizations is the physics of Reggeon in the high energy scattering 
regime. It has been shown that in the large s limit with fixed momentum transfer tj^ 
the Reggeon exchange contributing to the partial wave expansion of the scattering ampli- 
tude is described by the so-called Reggeon field theory (see e.g. [13] [H] for reviews). The 
Reggeon field theory is a (1 + 2) dimensional field theory living in t ~ logs and transverse 
^We denote the Mandelstam variables by boldface such as s and t. 
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x_L = {xi,X2) plane. The "energy" E of the Reggeon field theory is identified with the 
complex angular momentum 1 — J of the underlying relativistic field theory (QCD). 
The non-interacting Reggeon field theory has a (1 + 2) dimensional dispersion relation 



E = l- J = a'k^ 



(3.1) 



where a' is the Regge slope. The corresponding field theory can be formulated by the 
"Schrodinger" action 



Note that the free part without the potential V{ip) has the full symmetry of the non- 
relativistic conformal invariance. 

We would like to understand the IR limit of the Reggeon field theory, where the theory 
is supposed to show scaling invariance. Our hope is that with the non-trivial potential 
V{ip), the IR limit may show non-trivial strongly coupled fixed point that could be studied 
by the gravity dual discussed in section 2. As we have seen in section 2, the structure of 
the gravity dual is rather robust, so we hope that the prediction from the gravity dual is 
universal. 

The properties of the IR fixed point theory depend on the symmetry assumption about 
the potential V{ip). In the literature [15], it has been suggested that, when the Reggeon 
is identified with the Pomeron, which has the vacuum quantum number, the lowest order 
interaction is given by the cubic coupling with a non-Hermitian coefficient: 



which describes the three Pomeron interaction with intensity r. The non-trivial zero of 
the beta function for r has been found within the e = A — d expansion. Note that the 
cubic coupling breaks particle number conservation and it naturally generates a non-zero 
mass term Vmass = '^^V' quantum corrections, so in order to obtain a non-trivial scaling 
regime in IR, we have to fine-tune the bare mass parameter (much like the Wilson-Fisher 
fixed point of X(j)^ theory in 4 — e dimension). 

Alternatively, one could imagine a hypothetical world where the Reggeon has a con- 
served particle number. In our real word, the Pomeron cannot have such a conserved 
quantum number, but we might expect that higher Reggeon might be described by such a 




dtdx^ {iip^dtip - a'idiip^diip) - V{ip)) 



(3.2) 



(3.3) 
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conserved quasi-particle in a certain parameter regime. In that case, the lowest interaction 
would be 



V,p{ij) = . (3.4) 

The interaction preserves the non-relativistic conformal invariance once we assume the 
existence of a non-trivial fixed point. See appendix A for more discussions on the con- 
formal invariance at the one-loop order. The gravity dual that has the non-relativistic 
conformal invariance has been discussed in section 2.1. The Reggeon propagator is given 
by 

whose form is fixed by the Galilean invariance. 

Now let us go back to the originally proposed cubic Pomeron interaction. Since the 
non-relativistic conformal invariance as well as the particle number conservation is broken, 
we expect the gravity dual is close to that studied in section 2.2, if any. Can we understand 
the physics of the Reggeon field theory from the Lifshitz type gravity background or its 
1-dimensional higher counterpart (12. 9p ? 

The key ingredient to answer this question is to understand the dispersion relation 
from the predicted two-point function (I2.20p from the gravity. We can easily see that 
in the physical parameter region, there are no poles in (I2.20p or (12.211) by noting T{z) 
has only single poles at negative integers (including zero), and T{z) does not have zero 
anywhere in z plane. Thus we see that the gravity computation would not predict any 
quasi-particle excitation for the Reggeon field theory. 

One might wonder whether the prediction makes sense as a Reggeon field theory. We 
could circumvent the problem by doing a specific analytic continuation in (12.201) to use a 
negative value of — | < c < 0. Then, the Gamma function yields poles at w = a'^jj-k'^, 
where the effective Regge slope is given by 

l + 2c 

2M - iy/c{2c + 1)(1 + z/) - 4iN^yc{2c + 1) 

with a negative integer = 0, — 1, —2, • ■ ■ . Accordingly, the two-point function near the 
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pole scales a; 



CE 



G{k,E)= ^ ^, ■ (3.7) 



The form is also predicted from the e expansion of the Reggeon field theory (by assuming 
Z = 2: see [H] and references therein). We note that F function yields infinitely many 
poles with different effective Regge slope C('eff- The residues of the poles have alternating 
signatures, so the higher poles may not be physical, m = gives the largest Regge slope. 

From the gravity viewpoint, the reason why we have to take negative c is not obvious. 
The ( direction is a closed time-like curve. On the other hand, the Reggeon field theory by 
itself is non-unitary because the interaction is anti-Hermitian, so one might not exclude 
the possibility that the gravity dual could be a non-unitary theory as indicated by the 
negative c. 

Finally, we would like to study the deviation from Z = 2. While the tree level action 
of the Reggeon field theory is compatible with the Z = 2 scaling, there is no protection of 
the dynamical critical exponent Z from the renormalization once we break the Galilean 
invariance (and particle number conservation). Indeed, the two-loop e expansion predicts 
that the dynamical critical exponent would be [17] [18] 



2 ^ e /59, 4 79. 

— = H \ — log-H . (3. 

Z 24 144 V 24 ^ 3 48 ' ^ 



Similarly, to the first order in e, the two-point function scales as 



CE'^ 

where Z = = 1.74, and the anomalous dimension 7 is given by 

e e2 /161 4 37\ , , 

In particular, 7 = —0.32 for d = e = 2. 

Since the relation between the underlying relativistic field theory and the effective 
Reggeon field theory is quite non-trivial, the unitarity bound (e.g. Froissart bound and the 
condition that the elastic cross section is less than the total cross section: aei < Ctot) of the 



' It is interesting to note that the quasi-particlc spectrum is impossible in non-trivial relativistic con- 
formal field theories; see e.g. [16j for recent applications to (im)particle physics. The non-relativistic 
scale invariance can accommodate such a quasi-particlc spectrum density in the two-point function. 
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former dictates a non-trivial constraint on the Reggeon field theory. The unitarity bound 
can be translated into —7 < -| < 2 for anomalous dimensions of Reggeon field theory 
(see [I3|II1| and references therein). The bound ;| < 2 may have a simple interpretation 
from the gravity. As shown in [5] only in this case, the energy-momentum tensor can be 
supported by the flux of massive vector field. Physically, the dual theory cannot show 
critical speeding up faster than Z = \. The other bound —7 < j is equivalent to the 
condition for the conformal dimension: A > | — 2. When the theory is conformally 
invariant, the condition is weaker than the unitarity bound A > |. In this way, the 
unitarity bound for the underlying theory is related to the physical requirement of the 
dual gravitational theory. 

The corresponding dual gravity has been described in section 2.4. Unfortunately, 
the gravity solution cannot predict the value of ^ > 1. Only we could do is to study 
the correlation functions with a given dynamical critical exponent Z. In particular, it 
would be interesting to study the causal structure and dispersion relation of the two- 
point function gravity as we have done m. Z = 2 above. We defer this study because the 
analytic expression for the gravity two-point function is unavailable, and we would have 
to resort to the numerical computation. In later section 3.4 we will come back to the 
issue of non-trivial dynamical critical exponent and its relation to fractal geometry in the 
context of non-linear quantum finance. 



3.2 Linear quantum finance 

Before we discuss the application of our holographic computation to the non-linear quan- 
tum finance, we briefly review the classical Black-Scholes-Merton model of option pricing 
[19] [20] from the (supersymmetric) path integral viewpoint]^ Since the computation is 



reduced to a linear differential equation i.e. "Schrodinger equation", we call it as linear 
quantum finance. 

Our starting point is the generalized Langevin equation: 

dX{t) dW{X) 



dt dX 



+ ar/(t), (3.11) 



^We refer [21] [22] [23] for reviews of quantum physics approach to finance with the usage of path 
integral 
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where 77 (t) is a Gaussian random noise that satisfies 



mvm = 5{t) . (3.12) 

In the Black-Scholes-Merton model, the "superpotential" W{X) is simply given by a 
linear function W{X) = fiX, where X{t) is the logarithm of the risky asset price S{t) 
(i.e. S{t) = e"^*-*''), but for a while we keep the superpotential more general. 

Suppose we would like to compute the expectation value of a certain quantity F{X) 
averaged over the random paths satisfying (13. lip . By introducing the Gaussian measure 
for the random noise rjit) to realize (13.121) . one can express it in the form of the path 
integral as 

(F(X)) = J [Vr^][VX]F{X)J{X)6 - ^ - a^^ exp (- J dt^'^ . (3.13) 

The Jacobian appearing in the measure is the usual Fadeev-Popov factor associated with 
the delta functional constraint to impose (13. lip , and it can be exponentiated to a form of 
action by introducing Grassmann fields ip{t) and ip{t) as 

J{X) = J [Vi;][Vi;] exp (^-^ J dt^/jOt^jj - ^^V^) • (3-14) 

On the other hand, the Gaussian noise 77 can be removed in the path integral by using 
the delta functional constraint, so the Bosonic action becomes 

Sbos = J dt^idtX - dxWy . (3.15) 

We see that the total action is nothing but that of the supersymmetric quantum mechanics 
in the Euclidean signature [21] upon partial integration of the cross term dtXdxW = dtW 
in the Bosonic action. 

The Black-Scholes-Merton model specifies the superpotential W = fiX and discusses 
the geometric Brownian motion. Since the superpotential is linear, the fermionic part 
completely decouples, so we can safely neglect the Jacobian factor (13.141) in the following. 
To interpret the parameters in the action, we note that the no-arbitrage assumption 
requires /i = r — ^a^, where r is the risk free interest rate (say, bank interest rate), and 
cr is the volatility of the risky asset (say, stock). 

Let us now compute a present value of a European call option as the simplest appli- 
cation of the Black-Scholes-Merton model. For this, we simply compute the (discounted) 
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expectation value for 

C{X*, t*) = (e^* - E)9{e^' - E) , (3.16) 



where E is the exercise price of the call option, and X* is the value of the asset at 
the maturity time t*^ We also impose the boundary condition X(to) = -^o = log'S'o. 
Explicitly, the discounted European option price is given bj-^ 



C{Xq, to) 

foo pX(t*)=X* / p 1 

'X{to)=Xo 

The Gaussian path integral for X{t) is readily performed as 



/ dX* / [M](e^* - exp - / dt—{dtX - fif (3.17) 

JiorE Jx(to)=Xo \ J "^(^ / 



oo 

X* 



C{Xo,to)= / rfX*(e^ -E)g{Xo-X*,to~f) , (3.18) 

JlogE 

where the propagator Q{Xq — X*, to — t*) is just given by 

a(.Y„-X,*.-0 = ^|jpp=^exp(^ j. (3.19) 

which is nothing but a free particle propagator (with a constant external vector potential) 
corresponding to the Bosonic action (13.151) . One may easily perform the remaining integral 
( 13.18P to obtain the celebrated Black-Scholes formula for the European call option: 

C{Xo, to) = SoN{d,) - Ee-^(**-*«)iV(c/2) , (3.20) 

where 



^ _ log{So/E) + {r + ^){t*-to) 
cti — . 



d2 = di- o^Jt* - to (3.21) 
and A^(x) = -^/^^e-Vdt. 



European option is a contract that entitles one to buy a share of stock at time t* at a fixed price 

E. He will gain S(t*) — E when the stock price S{t*) = e-^ is higher than E. On the other hand, he 

does not lose anything when the stock price is lower than E because he does not have to buy the stock. 

This is the origin of the step function in (|3.16p . 

^^Because of the risk free interest rate r, the value of the option is naturally deflated by the factor 

g-r(t*-to)_ 
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By construction, we can regard C(Xo,to) as the "wavefunction" . Indeed, it satisfies 
the "Schrodinger equation" (or Kolmogorov backward equation): 

dC ^ dC 1 od^C , , 

Unconventional terms rC and be absorbed by the change of variables C {X, t) — > 

e''*C(X — fit,t) to directly compare with the Wick rotated Schrodinger equation. Note 
that with this change of variable, the propagator used in the Black-Scholes-Merton model 
is simply the Wick rotated version of the Schrodinger propagator obtained in the gravity 
approach in (12.171) . The equation (13.221) is known as the Black-Scholes equation in finance. 

The propagator can be obtained either in the first quantized formulation presented 
here or in the second quantized formulation by quantizing the Schrodinger action, both 
of which are equally valid in the linear quantum finance. We use the second quantized 
method in the following subsections to discuss the non-linear quantum finance. 

3.3 Toward non-linear quantum finance 

As a first order approximation to the real market, the Black-Scholes-Merton model has 
been quite successful both theoretically and experimentally. Theoretically, the Black- 
Scholes-Merton model has an advantage that it possesses equivalent Martingale measure, 
which fits with the efficient market hypothesis with no arbitrage!!! 
There are several problems, however: 

• The fluctuation in the real market is not Gaussian unlike (13.121) . It does not decay 
as fast as Gaussian (fat tail problem), and the history shows that the catastrophic 
loss (gain) is more likely than the Gaussian model 
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Furthermore, people argue that there is a slight non-trivial time dependence in the 
market performance. The non-equal time auto-correlation is slightly positive when 
the time scale is small (i.e. the companies winning continues to win for a while: 
winner has a momentum). On the other hand, the correlation is slightly negative 
when the time scale is large (i.e. no company cannot consistently dominate the 



^^It roughly means that nobody cannot consistently beat the market no matter how smart he is. 
^^There is great evidence on this point; see e.g. [23][5S][15] and references therein. 
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market: the trend will shift) 1^ Also some people believe the usage of market cycle. 

• The Gaussian hypothesis neglects possible non-trivial higher-point correlations (or 
cumulant) in the market. The non-trivial higher point correlation functions clearly 
indicate the underlying non-linear nature of the market. People "hope" that by 
using non-linear analysis, they may be able to beat the market because the non- 
linearity might break the efficient market hypothesis. 

There are many models to account for these issues, but we would like to focus on a 
particular attempt suggested in [22] to use a non-linear quantum field theory because we 
may be able to tackle the problem by using our gravitational dual realization. The idea 
is inspired by the appearance of the effective Schrodinger equation in the Black-Scholes- 
Merton model and its analogy to the Reggeon field theory. We take the second quantized 
approach and regard the particle propagator as 

{(t){xoM^\x,t)) = j [P0]0(xo.to)0^(a;,t)exp(-5oM) , (3.23) 

where 5*0 [0] = / dtdx (^—(p'^dt(p + ^dx(t>^dx<pj is the free Euclidean Schodinger action. 
The proposal is that we replace the free Schodinger action by the interacting action 

S[(j)] = J dtdx + y9,0t5,0 + ^(0)^ . (3.24) 

In the short range, where 6X and 6t are small (i.e. in the UV limit), it is reduced to the 
original Black-Scholes-Merton model, while when 6X or St are large (i.e. in the IR limit), 
the non-linearity will be of importance and the theory may show a non-trivial scaling 
regime as in the Reggeon field theory. The formulation is quite analogous to the Reggeon 
field theory except that our "space time" is (1 + 1) dimension (or d = 1) rather than 
(1 + 2) dimension (or = 2) in Reggeon field theory. 

The prescription is simply to replace the free particle propagator in the option pric- 
ing formula by the interacting propagator obtained from the non-linear action (13.241) . 
We keep the form of the Schrodinger action by performing the replacement Q{X,t) 
e^^Q{X —fit, t) at the end of the computation to incorporate the drift and defiation because 
the Schrodinger action possess a manifest enhanced symmetry (non-relativistic conformal 
symmetry) and it is a good starting point to discuss its gravitational dual. 



^•^This observation is controversial once we subtracted the underlying uptrend of the whole market. 
See e.g. [25] and references therein. 
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We focus on the IR limit of the non-hnear theory fl3.24p so that we may expect to 
learn the structure of the correlation functions from the gravity dual with the scaling 
symmetry. As in the Reggeon field theory, the IR structure will depend on the symmetry 
assumption of the potential V{(j)). The potential could depend on higher derivatives, 
while these higher derivative terms are always perturbatively irrelevant around the free 
field fixed point. 

Let us first consider the case where the potential V{(f)) preserves the Galilean invari- 
ance. Slightly weaker assumption that the theory is invariant under the particle number 
leads to the same constraint on the potential as long as we discard any higher derivative 
interactions. The gravity dual corresponding to this assumption is the non-relativistic 
conformal invariant background studied in section 2.1. The non-relativistic conformal 
invariance fixes the form of the propagator. In our context, the propagator should read 



= (3-25) 

from section 2.4. The only non-trivial parameter is the scaling dimension A. Note that 
the exponential damping is not alleviated and still be present due to the non-relativistic 
conformal invariance. The option-pricing formula would be slightly modified by replacing 

Now, in more general situations, we do not impose the Galilean invariance (e.g. broken 
by higher derivative interactions), or we even do not expect particle number conservation 
(e.g. by introducing a cubic coupling as in Reggeon field theory) o The gravity dual for 
such deformations has been studied in section 2.1 and 2.2. 

We have studied the corresponding propagator in section 2.4. The most important 
feature of the two-point function studied there is its causal structure (see section 3.1). 
They do not have any quasi-particle dispersion relation as long as c > 0. The Green 
function carries information both forward in time and backward in time. This may or 
may not be a problem for the quantum financial interpretation because we would like to 
estimate the future option price from the available data at present. Analytic continuation 
to c < might be relevant in the present case as in the Reggeon field theory. In that 
regime, near one pole, the causal structure of the Green function is governed by the 
particular Regge pole; see (13.71) . 



^'^The particle number conservation may be important to understand the conservation of probability 
in quantum mechanics, while the situation and its necessity is less obvious in the quantum finance. 
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Each pole would contribute to the Green function as 

2{-u+l) rt _(^-Mt)^ 

e (3.26) 

for large t with x/t fixed as long as the poles are well separated. Here (jg// depends 
on the pole location, which is related to the effective Regge slopes in the gravity dual 
description of the Reggeon field theory (c.f. (13.61) ). Thus, the option price behaves as if it 
were composed of multiple securities with different effective volatilities. The appearance 
of the multiple effective volatilities is of great significance in the real market and has been 
investigated as a first step to improve the Black-Scholes-Merton model (e.g. GARCH 
model). It may also be related to the multi-fractal analysis of the market pursued in [26] . 

On the other hand, at a specific parameter region of the scale invariant but non- 
conformal gravity background such as Lifshitz-type background, long distance (fixed time) 
propagators can be power-like without any exponential tail by tuning the conformal di- 
mension (see [5] for a detailed demonstration). Explicitly, the two-point function of op- 
erator O whose scaling dimension is 4 has been shown to behave as 

(O(t,a:)0t(o,0)) = -^ (3.27) 

in |x| oo limit. To obtain this result, we cannot use the formula (12.211) because the 
separation between the analytic part and the non-analytic part becomes more complicated 
than the derivation of (12.211) when the scaling dimension is an integer. Similarly, whenever 
is a positive integer, the power-like behavior can appear. This also holds in the M = 
sector of the deformed theory studied in section 2.1. The emergent power-like decay is 
quite promising in the application of non-linear quantum finance to understand the fat 
tail problem mentioned above. 

Finally, once we break the Galilean invariance or particle number conservation, there 
is no reason why the dynamical critical exponent Z remains to be 2. Indeed, the non- 
trivial dynamical critical exponent is proposed in finance as well. As we have discussed in 
section 3.1, this is also expected in e expansion of Reggeon field theory with no particle 
number conservation. We will further investigate this issue in the next subsection. 
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3.4 Deviation from Z = 2: Hurst exponent 

We have seen that in Reggeon field theory with cubic non-Hermitian interaction, the e 
expansion around d = A leads to a non-trivial dynamical critical exponent Z ^ 2. This is 
not totally unexpected because the violation of the non-relativistic conformal invariance 
induced by the violation of the Galilean invariance does not protect the dynamical critical 
exponent. 

The concept of dynamical critical exponent was first introduced in finance by Mandel- 
brot (see [26] and references therein), and it is called a Hurst exponent. Let us consider 
a random variable Q{t). When the random variable shows a scaling auto-correlation 
function 

{m + T)-Q{m = C,T'^'^ (3.28) 

for g > — 1 with a constant Cg, we say that the random variable Q{t) has a Hurst exponent 
Ti. Here in order to define Ti, we have assumed that the underlying distribution for Q{t) 
has stationary increment so that fl3.28p does not depend on t. Note that 7i could depend 
on q due to the anomalous dimension of composite operators when the theory is highly 
non- linear. 

For example, let us consider the case Q{t) = B{t) = jlr]{s)ds with the G aussian 
random noise ri{t) satisfying fl3.12p . Bit) is the Brownian motion, and it is easy to see 
= |. Similarly fractional Brownian motion 

/o \ /■* 

(^(t-s)^-5 - (-s)^-5jr/(s)c/s + j {t-s)'"-'^r]{s)ds (3.29) 

has a non-trivial Hurst exponent Ti. ^ ^ which appeared in its definition. The Brownian 
motion with = | is Martingale, while the fractional Brownian motion is not Martingale 
and it shows a memory effect. The Hurst exponent is related to the fractal dimension of 
the sample path of the random process hj d = 2 — Ti. 

Schematically one could write f l3.28p as 6X = (5t)^. If we compare this definition 
with our discussions of the non-linear quantum finance, we can identify 'H = from the 
dispersion, or scaling relation E = k^, where Z is the dynamical critical exponent. Here, 
it is important to carefully subtract the drift contribution in order to satisfy the stationary 
condition. The failure to do this in market data leads to a spurious Hurst exponent. We 
recall that the Gaussian assumption leads to 7i = | and this is the value mostly studied 
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in previous sections in particular with the non-relativistic conformal invariance {Z = 2), 
which is manifest after the change of variables C(X, t) e^*C{X — fit, t). Our non-linear 
action (13 .241) has the obvious time-translation invariance. Historical analysis of market 
data suggests that Ti. is slightly above |, but not significantly larger [25] , 

An interpretation of the Hurst exponent in finance is that when | < Ti < 1, the 
security is persistent in memory, and when < 7i < | it is anti-persistent. The argument 
is simple [26]. Let us compute the auto-correlation function 

{{Q{t) - Q{t - r))m + r) - Qm 



C{t) 



{m+r)-Qim 

2^^-^ - 1 , (3.30) 



where we have used ( K28\f with q = 2, i.e. {{Q{t + r) - ^(t))^) = Csr^^. Since C(r) 
governs the persistence of memory, it leads to the above interpretation. The bound Ti. < 1, 
OT Z > 1, has been observed in the gravity before (c.f. the discussion in section 3.1 and 
its relation to the unitarity bound.) The Reggeon field theory in e expansion predicts 
Ti. = 0.57 ioT d = 2 and Ti. = 0.64 for d = 1, which is consistent with the observation that 
the market is usually persistent in memory. 

The gravitational dual theory by itself cannot tell which exponent should be realized 
in nature or in market. The analogue of the holographic running might be important 
from the "UV" critical exponent Z = 2 {Ti. = ^) to that for the "IR" exponent. By 
introducing two types of massive vector fields with different mass, which is related to Z, 
we may obtain the geometry interpolating different dynamical critical exponents. On the 
other hand, the experimental determination of the Hurst exponent from the market data 
is a challenging subject. See [25] [26] for some related discussions. We just mention that 
because the non-trivial Hurst exponent typically indicates the violation of the Martingale 
or the efficient market hypothesis^j we expect the Hurst exponent or non-linear fixed 
point is rather unstable and cannot last forever. 



^■''This is not necessarily the case especially when the distribution docs not have stationary increment. 
See e.g. [57] • A similar argument could be stated in field theories. Non-local but free field theories such 
as S* = / dwd'^ k(j>^ {w'^'''^ — k'^Ycj) known as generalized free field theories give non-trivial dynamical critical 
exponent, but they are rather trivial. In such theories, higher cumulant does not contain any non-trivial 
information at all. 
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4 Discussions 



In this paper, we proposed novel applications of non-relativistic gauge/gravity correspon- 
dence. One is the Reggeon field theory and another is the non-linear quantum finance. 
The relation between the two has been suggested some time ago [22], and we have made 
more concrete proposals in this paper. We have seen that the strongly coupled regime 
of the both theories is beyond the scope of the perturbative field theories, and the dual 
gravity computation is promising. We have proposed the two-point functions from the 
gravity computation. 

The quantum finance is base on the relation between stochastic systems and quantum 
field theories. We believe that the stochastic process in gauge/gravity correspondence is 
worth studying further. Recently, an effective Langevin equation for heavy charged parti- 
cles in the quark-gluon plasma has been computed by using the AdS / CFT correspondence 
[28] [29] [30] , where they have pointed out its relation to black hole Hawking radiation. In- 
troducing external potential in their setup, we can study the geometric Brownian motion 
of stochastic strings, which may be relevant in quantum finance. The random noise pre- 
dicted in AdS/CFT is not white, so when it turns out to be solvable (possibly by studying 
the dual gravity regime), it might become a novel non-Gaussian market model. 

On the theoretical side, it would be interesting to find a way to convert their effective 
Langevin equations into the form of non-relativistic field theories as we have presented 
in section 3.1. In this way, we may be able to find a clue to derive our proposed phe- 
nomenological gravity background from the string theory. All in all, there is no concrete 
examples of non-relativistic gauge/gravity correspondence whose gauge side is identified 
with the gravity side (and vice versa), so this approach could be a major breakthrough if 
successful [3T| . 

We would like to conclude this paper with a few words about our philosophy of ap- 
plying gauge/gravity correspondence to non-linear finance. Much like in the cold atoms 
or unitary fermion systems, there is currently no theoretical foundation that the gravity 
description is suitable for describing the financial market except for general symmetry 
arguments and its validity in the free theory limit. From the phenomenological model 
building perspective, there is nothing wrong about proposing a "solvable" model from 
completely different perspective. Indeed, it might be better suited here than the con- 
densed matter application because we do not know the fundamental principle of market 
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unlike in the condensed matter systems. On the other hand, the Reggeon field theory 
does have its origin in QCD, so it would be wonderful to derive the phenomenological 
non-relativistic background discussed in this paper from the AdS/QCD correspondence 
whose theoretical foundation is much firmer. 
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A Scale invar iance vs confer mal invar iance in Galilean 
invariant theories 

In this appendix, we discuss the energy-momentum tensor of Galilean invariant field the- 
ories to study the condition when the scale invariance indicates the conformal invariance. 
The non-relativistic energy-momentum tensor with the conformal invariance has been 
studied in [32]. We assume the translational invariance in time and space, which means 
we have a conserved energy-momentum tensor 

dtT^' + djT^' = 

dtT^^ + diT^ = (A.l) 

corresponding to 

^00 r>i — I ^d^rjiOi 



The spatial rotational invariance demands that the energy-momentum tensor be symmet- 
ric T*-' = T-'* (note, however, ^ T"^^ in general). 

We also assume that the theory is invariant under the Galilean boost by demanding 
that the U{1) particle number density is related to the energy-momentum tensor 

mp = -diT"" . (A.3) 
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Then the Gahlean boost density = tT^^ — mx^p satisfies 

dtG' + dj{tT^ - a;'T°^) = . (A.4) 

The corresponding conserved charge is = J d'^xQ^ 

Now suppose that the energy-momentum tensor satisfies the following condition 

2T°° - T^,j = dtS + djA^ , (A.5) 

then one can show that the dilatation density 

V = tT°° - -XiT°' - - (A.6) 

is conserved. The corresponding charge is given hj D = J df^xT). Thus, the condition (1A.5I) 
is the requirement of scale invariance. Note that one can always redefine 2T^^ 2T^^ + 
djA^ to remove A^ , so only the non-trivial condition is the existence of S. Furthermore, 
if 5 is a total divergence such that S = dia"^, then we can improve the energy-momentum 
tensor as T°° T°° + djdtd^ + diA' so that the right hand side of flXSj) IS zero. 

The condition that the right hand side of flA.5l) can be improved to be zero is an 
analogue of the traceless condition for the energy-momentum tensor in relativistic field 
theories [3] . As in the relativistic case, flA.Sp indicates, if the right hand side vanishes, an 
additional conserved density 



K = t^T'^ - tXiT'^ + , (A.7) 

which generates non-relativistic conformal transformation whose charge is K = J d'^xJC. 
In order to show that ( 1A.7I) is conserved, the Galilean invariance ( 1A.3I) and the trace 
condition on the energy-momentum tensor are crucial. 

The discussion here states that the scale invariance and Galilean invariance do not 
necessarily imply the conformal invariance in non-relativistic field theories, much like in 
relativistic field theories. The criterion of the conformal invariance is whether we could 
improve the energy-momentum tensor so that the trace condition 2T°° — T^^Sij = is 
satisfied. A non-trivial possibility of S which is not a divergence of another current is 
the obstruction. As far as we know, however, there is no known physical example of 
non-trivial S in literatures. 
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Let us do a no-relativistic version of the exercise done in [3]. Consider the non- 
relativistic action 

S = J dtd^X (^(Pidt<Pa - ^d,<Pid,(t)a - ^0a060l0;) (A.8) 

'm. d = 2 — e dimension. The reahty of the action demands Xabcd = K^dab- To the first order 
in e, the candidate for S and A' is given by 

S = 

tab , , 

A' = ^Uid^<Pb + <Pad^l) , (A.9) 

with (real) antisymmetric At one-loop, the scale invar iance demands 
1 

IGtt 

while the conformal invariance demands 



— eAafecd + y^T^^abef^efcd + C^'^^abmd + ^"^'^^abmc — ^"""^ ^mbcd ~ ^''^ ^macd — (A. 10) 



—^^abcd + ■YQ^'^'^''efKfcd — . (A. 11) 

The latter is in principle stronger than the former because of the additional unknowns 
We can show, however, that ( lA.lOj) implies ( lA.llj) by contracting ( lA.lOp with ^"^"Xcdmb + 
^™*Acdma — i'^^Xmdab — ^'^"^^mcab- Thus, the scalc iuvariancc and Galilean invariance does 
suggest the conformal invariance in A|0|^ non-linear Schrodinger theory. 

Let us finish this appendix with another peculiar example in (1 -|- 0) dimension. Con- 
sider the non-relativistic Liouville-like Lagrangian 

= -pdte-neP (A. 12) 

where we have introduced the polar coordinate = y^e*^. The theory is scale invariant 
under p —* p + X. Note that if it were defined in (1 + d) dimension {d > 0) with additional 
kinetic terms, the theory would be Galilean invariant (but not scale invariant). The 
Hamiltonian T"" = pe'' = —dfO is a time derivative, so the dilatation charge V = tpe^ + 6 
is conserved. However, since 6 is not a derivative of something else, we cannot construct 
a conserved non-relativistic conformal charge. This example might suggest a possibility 
to construct a counterexample, but we have not come up with any in higher dimensions 
with Galilean invariance. 
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B Non-relativistic conformal algebra 



We summarize the non-relativistic conformal algebra for d = 2. For d = 1, there is no 
angular momentum J, and no indices for P and G in the following commutation relations. 

p] = -ip , P]=iP , z[J, G] = -iG , i[J, G] = iG , 
i[H,G]=P , i[H,G]=P , i[K, P] = -G , i[K, P] = -G , 
t[D,P] = -P, i[D,P] = -P, i[D,G]=G, t[D,G] = G, 
t[D,H] = -2H , i[H,K]=D, t[D,K] = 2K, t[P,G]=2M, (B.l) 

where J = J12 is U{1) angular momentum, P = Pi + iP2 and P = Pi — iP2 are spatial 
momenta, H is the Hamiltonian, G = Gi + iG2 and G = Gi — iG2 are Galilean boost, D 
is the dilatation, K is the special conformal transformation, and M is the number density 
operator which is the center of the non-relativistic conformal algebra. 

The representation theory of the non-relativistic conformal algebra relevant for the 
non-relativistic conformal field theories can be found in [33] [3l] . 



C Confluent Hypergeometric function 



The confluent Hypergeometric function U{a, b; x) is a solution of Kummer's equation 

d^U ,dU ^ 

x-— + {b-x)- ax = (C.l) 

dx'' dx 

with the series expansion 

U{a,b;x) =x^~^ ' , — - + - ' -x 



+ 



T{a) 
r{l-b) 



Via) 



aT{-b) 



T{l + a-b) T{l + a-b) 
Alternatively it has an integral representation 



X + 



U{a, b; x) 



— / dte-'^H'^^^l + tf-"-^ 
W Jo 



It satisfies 



(C.2) 



(C.3) 



U{a, b; x) = + a - b,2 - b; x) . 



(C.4) 
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